Abstract. The Cosmic Axion Spin Precession Experiment (CASPEr) is a nuclear magnetic resonance experiment (NMR) seeking to detect axion and axion-like particles which could make up the dark matter present in the universe. We review the predicted couplings of axions and axion-like particles with baryonic matter that enable their detection via NMR. We then describe two measurement schemes being implemented in CASPEr. The first method, presented in the original CASPEr proposal, consists of a resonant search via continuouswave NMR spectroscopy. This method offers the highest sensitivity for frequencies ranging from a few Hz to hundreds of MHz, corresponding to masses m a ∼ 10 −14 -10 −6 eV. Sub-Hz frequencies are typically difficult to probe with NMR due to the diminishing sensitivity of magnetometers in this region. To circumvent this limitation, we suggest new detection and data processing modalities. We describe a non-resonant frequency-modulation detection scheme, enabling searches from mHz to Hz frequencies (m a ∼ 10 −17 -10 −14 eV), extending the detection bandwidth by three decades.
Introduction
In 1945 Edward M. Purcell measured the first radio-frequency absorption from nuclear magnetic moments in paraffin [1] . In the following months, Felix Bloch observed nuclear spin precession in water [2] . Subsequently, Bloch's nuclear magnetic resonance (NMR) techniques showed that electrons provide magnetic shielding to the nucleus. The resulting change in magnetic-resonance frequency, known as the chemical shift, provides information on the electronic environment of nuclear spins. The discovery of this phenomenon enabled NMR-based chemical analysis [3] and the field of NMR quickly grew to become a dominant
In the following section, we explain how the ALP-nucleon and axion-gluon couplings could induce an NMR signal. Subsequent sections focus on describing two NMR measurement schemes implemented in both CASPEr-Wind and CASPEr-Electric. The first method, presented in the original CASPEr proposal [24] , consists of a resonant search via continuous-wave NMR spectroscopy (CW-NMR). This method offers the highest sensitivity for frequencies ranging from a few Hz to hundreds of MHz. Sub-Hz frequencies are typically difficult to probe with NMR due to the diminishing sensitivity of magnetometers in this region. We present a non-resonant frequency-modulation scheme that may circumvent this limitation.
2. Axion-and ALP-induced nuclear spin precession
ALP-nucleon coupling -CASPEr-Wind
CASPEr-Wind is a haloscope searching for ALPs in the Milky Way's dark-matter halo via their pseudo-magnetic coupling to nucleons, referred as the ALP-nucleon coupling. As the Earth moves through the galactic ALPs, this coupling gives rise to an interaction between the nuclear spins and the spatial gradient of the scalar ALP field [25] . The Hamiltonian of the interaction written in Natural Units takes the form:
where σ N is the nuclear-spin operator, v ∼ 10
is the velocity of the Earth relative to the galactic ALPs, ρ DM ∼ 0.4 GeV/cm 3 is the local dark-matter density [26] and g aNN is the coupling strength in GeV . The ALP mass, m a , usually given in electron-volts, can also be expressed in units of frequency, more relevant for an NMR discussion. The Compton frequency associated to the axion and ALP mass is given by: ω a = m a c 2 / , where c is the speed of light in vacuum and is the reduced Plank constant. For the rest of the discussion, we set = c = 1.
The coupling in Eq. (1) is the inner product of an oscillating vector field with the nuclearspin operator. Therefore Eq. (1) can be rewritten as an interaction between spins and an oscillating pseudo-magnetic field:
where γ is the gyromagnetic ratio of the nuclear spin and we have identified the ALP-induced pseudo-magnetic field known as the "ALP wind":
Equation (3) can be understood as follows: as nuclear spins move with velocity v through the galactic dark-matter halo, they behave as if they were in an oscillating-magnetic field B ALP of frequency ω a , oriented along v. As ρ DM and v are determined by astrophysical observations, the only free parameters are the ALP frequency (or equivalently, the ALP mass) and the coupling constant, which define the two-dimensional parameter space of the ALP-nucleon coupling shown in Fig. 1 . Thus the measured amplitude of B ALP probes the value of g aNN .
Considering the coupling constant range of interest in Fig. 1 (g aNN ∼ 10 T. In order for an experiment targeting the ALP wind to surpass existing astrophysical and laboratory constraints on g aNN , the experiment must be sensitive to ultralow magnetic fields. represents the mass-coupling parameter space corresponding to the QCD axion proposed to solve the strong CP problem [25] . The darker purple region of the line shows where the QCD axion could be all of the dark matter. The red line is the projected sensitivity of CASPEr-Wind using hyperpolarized 129 Xe. The blue line is the sensitivity using hyperpolarized 3 He during a future upgrade of the experiment. The dashed lines are the limits from magnetization noise for 129 Xe (red) and 3 He (blue). The ADMX region shows the mass range already excluded (dark blue) or that will be covered (light blue) by ADMX (probing the axion-photon coupling). The green region is excluded by observations on Supernovae SN1987A [27, 28] . The blue region is excluded by searches for new spin-dependent forces. Figure adapted with permission from Ref. [29] .
The oscillating nature of the ALP wind suggests a magnetic-resonance-based detection method. In the following discussion we briefly explain why NMR techniques, specifically continuous-wave NMR, are particularly well-suited for this application.
Consider a collection of nuclear spins with gyromagnetic ratio γ, immersed in a static magnetic field B 0 (the leading field; see Fig. 2-a) , oriented along the z-axis. The spins orient along the leading field to produce a bulk magnetization along the z-axis. We now introduce an oscillating-magnetic field B xy (t) oriented in the transverse xy-plane. If the magnitude of the leading field is such that the Larmor frequency γ| B 0 | is equal to the oscillating field frequency, a resonance occurs. The magnetization responds by building up a transverse component, M xy .
Subsequently, the transverse magnetization undergoes a precession about B 0 , at the Larmor frequency. This oscillation creates a time-varying magnetic field that can be picked-up via magnetometers, producing the NMR signal. The spectrum exhibits a Lorentzian-shaped peak at the Larmor frequency. The search for the resonance is done by varying the magnitude of the leading field and monitoring the transverse magnetization.
This protocol is the continuous-wave NMR experiment introduced by Bloch's first nuclear induction experiment [2] . The term continuous-wave refers to the fact that the oscillating field is continuously applied to the sample. Frequencies are probed sequentially by varying the leading-field magnitude or the oscillating-field frequency.
The fact that the ALP wind has an unknown frequency and cannot be "switched off" suggests a similar experimental scheme. CASPEr-Wind is effectively a CW-NMR experiment in which the transverse component of B ALP relative to B 0 is analogous to the oscillating transverse field: B ALP,xy ←→ B xy . The resonance is reached when the Larmor frequency is equal to the ALP frequency (γ| B 0 | = ω a ). The experimental scheme is represented in Fig. 2 -a.
This ALP-induced NMR signal is characterized with two relevant coherence times defining the linewidth of the resonance. The ALP wind oscillates with a temporal coherence inversely proportional to its frequency: τ ALP ∼ 10
6 /ω a [25] . This effect is modelled by assuming that B ALP (t) in Eq. (3) acquires a random phase after each time interval τ ALP [24] . In addition, the transverse magnetization decoheres and decays exponentially with a characteristic time T 2 [30] . For the sake of an NMR-based discussion, we will now assume that the signal coherence time is limited by τ = min{T 2 , τ ALP }. As a result the expected linewidth of the resonance becomes δν = 1/πτ [30] ‡.
The allowed values of the ALP mass span many orders of magnitude, yielding a large frequency bandwidth to explore (see Fig. 1 ). Conveniently, the NMR techniques used in CASPEr-Wind are broadly tunable, with the upper bound of the scanned region limited by the achievable magnetic-field strength. In addition, in order to avoid signal broadening that would reduce overall sensitivity, B 0 must remain spatially homogeneous over the sample region. These requirements are readily met by superconducting NMR magnets up to fields of about 20 T. Such capabilities enable the detection of ALPs with corresponding frequencies ranging from a few Hz to hundreds of MHz (m a ∼ 10 
Axion-gluon coupling -CASPEr-Electric
The second CASPEr experiment, CASPEr-Electric, relies on the coupling between CPsolving axions and gluons. This coupling induces an oscillating nucleon electric dipole moment (EDM) [33] :
where g d is the strength of the axion-gluon coupling in GeV
. As in the case of CASPErWind, the only two free parameters are g d and ω a , giving rise to another two-dimensional parameter space to explore.
The major experimental difference between CASPEr-Electric and CASPEr-Wind is that CASPEr-Electric makes use of a static electric field applied perpendicularly to the leading magnetic field. As in CASPEr-Wind, | B 0 | is tuned to scan for resonance. If the resonance condition is met, the axion-induced EDM oscillates at the Larmor frequency. The interaction between the EDM and the static electric field causes spins to rotate away from the direction of B 0 . This produces a non-zero oscillating transverse magnetization, M xy (t). Subsequently, M xy (t) undergoes precession about B 0 and induces the NMR signal.
CASPEr-Electric and CASPEr-Wind detection schemes are similar in the sense that the effects of both, an oscillating EDM in the presence of a static transverse electric field and ‡ Recent theories suggest that the signal should not necessarily be Lorentzian-shaped but could be asymmetric, reflecting the fact that the ALPs energy cannot be smaller than m a c 2 (for a stationary ALP) and is higher by m a v 2 /2 for a moving ALP [31] . However the discussion remains equivalent. 2) The signal of the non-resonant scheme exhibits a carrier frequency (γ| B 0 |) and a set of sidebands at γ| B 0 | ± ω a . The amplitude of the carrier frequency is large because the full magnetization is rotated by the π/2 pulse. The sidebands amplitude is expected to be small. an oscillating ALP wind, are analogous to weak magnetic fields, oscillating at the axion or ALP frequencies. Both CASPEr-Wind and CASPEr-Electric can be described as CW-NMR experiments. Although we now focus on the sensitivity of CASPEr-Wind, the discussion for CASPEr-Electric is analogous. We note that CASPEr-Wind is not only sensitive to axions and ALPs but could also detect any light particle coupling to nuclear spins, in particular hidden photons [34, 35] .
Sensitivity
Here we discuss the physical parameters affecting the sensitivity of the experiment. Later on, these results are compared to the ones obtained for a non-resonant detection scheme, aiming at probing lower frequencies. During this discussion, we consider the signal on resonance and limit the integration time to τ < min{τ ALP , T 2 }, during which there is coherent averaging of the signal. At resonance, the transverse magnetization increases as if under the action of a low-amplitude rf-field [30] :
where ρ is the spin density of the sample given in cm
and P∈ [0, 1] is the dimensionless polarization factor. The NMR signal can be written in terms of the transverse magnetization: §
To make an estimation on the signal-amplitude threshold A min , for which a event is detected, we use the model proposed in Ref. [24] and assume that the noise is dominated by the magnetometer white noise. The white-noise spectral density, S ( f ), usually given in fT/ √ Hz, is experimentally determined and depends on the frequency probed, f . Limiting the integration time to τ, the signal is coherently averaged and remains constant while the whitenoise spectral density decreases as 1/ √ τ [36] . An event is detected if the signal amplitude is higher than the white noise spectral density after τ, yielding A min ∼ S ( f )/τ . The signal-tonoise ratio at resonance, SNR RES , is obtained by comparing the signal amplitude from Eq. (6) to A min :
The SNR of the resonant signal increases as τ
. The reasons are as follows: 1) The integration takes place in a time window during which the signal stays phase coherent, thus scaling the SNR as τ 2) When the resonance condition is satisfied, | M xy (t)| increases linearly with time. Hence, the signal is linearly amplified by τ.
Because of this, the SNR greatly benefits from the use of samples with long spin coherence times T 2 . Typical values of T 2 for liquid 129 Xe are on the order of 10 to 1000 seconds [37, 38] , making xenon an attractive sample. Liquid xenon also provides high spin density, and can be polarized above 50% via spin-exchange optical pumping methods [39] , increasing the sensitivity by a factor of at least 10 5 compared to thermal polarization (usually on the order of parts-per-million).
The choice of magnetometer determines the value of S ( f ) and is constrained by the frequency of the expected signal. In the ω a /2π ∼ 10-10 6 Hz region, the best sensitivities are achieved by SQUIDs. Accounting for all experimental parameters (ALP-wind coherence time, sample geometry, density, and polarization), such SQUIDs would allow CASPEr to reach unconstrained regions of the parameters space (see Fig. 1 ; details are given in Ref. [24] ).
Frequencies higher than 2 MHz are usually considered to be above the sensitivity crossover between SQUIDs and inductive pick-up coils. To probe the 2-200 MHz region CASPEr will enter its phase II, in which the magnetometer is switched from a SQUID to inductive pick-up coils. Atomic magnetometers may also be used at low frequencies, in particular with zero and ultralow magnetic fields as suggested in Ref. [40] .
Ultralow frequencies: sidebands detection
It turns out to be difficult to probe frequencies below ∼10 Hz with the previously described resonant scheme. Indeed, SQUIDs lose sensitivity below their characteristic "1/f-knee frequency", typically on the order of a few Hz [41] . To overcome this, one can use a nonresonant measurement protocol that could be implemented as a low-frequency extension to CASPEr. The method consists in measuring sidebands induced by modulation of the Larmor frequency and removes the need to scan for resonance. This experimental scheme, represented in Fig. 2-b , was first introduced by the "Sideband in Larmor Frequency Induced by Axions" experiment (SILFIA [32] ).
In this procedure, the hyperpolarized 129
Xe sample is immersed in a leading magnetic field, B 0 , oriented along the z-axis and the bulk magnetization is also initially along the z-axis. Prior to the acquisition, a π/2 magnetic pulse is applied to the sample. After the pulse, the magnetization is in the transverse plane: M z π/2 − − → M xy . Under the action of B 0 , M xy precesses about the z-axis at the Larmor frequency γ| B 0 |. During the precession, a transient signal S (t) is acquired for a time τ = min{τ ALP , T 2 }. Recalling that τ ALP ∼ 10
6 /ω a and T 2 ∼ 10 − 1000 s, then in this low-frequency regime τ ALP > T 2 , and the transient-signal coherence time becomes τ = T 2 . Once the coherence time T 2 is reached, the transverse magnetization has decayed and the sample is switched for a new one. A π/2 pulse is applied again and the next transient acquisition takes place.
This measurement method differs from the previous one in the sense that it does not require the ALP wind to tilt the sample magnetization. Following a resonant π/2 pulse, the magnetization is always in the xy-plane, producing a signal oscillating at the Larmor frequency. The detection involves measuring modulation of the Larmor frequency, induced by the ALP-wind, similarly to the AC-Zeeman effect [42] . In contrast to the resonant scheme, sidebands are induced by the longitudinal component of B ALP relative to B 0 : B ALP,z (see Fig. 2-b) . The frequency-modulated signal takes the form:
This expression can be written in terms of the Bessel functions of the first kind J k :
The spectrum of such a frequency modulated signal exhibits a large central peak at the Larmor frequency and sidebands located at γ| B 0 | ± kω a , where k = 1, 2, 3... . The k th sideband's amplitude is given by [43] :
where I = γ|B ALP,z |/ω a is the modulation index. Recalling that | B ALP | ∼ 10 T, we see that I
1. Thus, the signal can be approximated by its carrier and the first set of sidebands (k = ±1) arising at frequencies γ| B 0 |±ω a [44] . Expanding J 1 to first order, the sideband signal can be approximated by:
The Fourier transform of S (t) yields a spectrum presenting a central peak at γ| B 0 |, surrounded by two sidebands located at γ| B 0 | ± ω a . The amplitude of the central peak is large because the full magnetization is rotated by the π/2 pulse. As γ| B ALP,z | ω a 1, the sidebands amplitude is expected to be small.
Synchronizing the pulse with a stable clock enables recovery of initial phases of each transient signal and allows coherent averaging as long as the acquisition time is smaller than τ ALP [45, 46] . Thus we can coherently average the transient signals into sets, s, each of length T 2 . Here s, is the average over n = τ ALP /T 2 transient signals: s = 1 n n i=1 S i (t). Coherent averaging of n transient signals decreases the expectation value of the white noise as 1/ √ n [36] while keeping the signal amplitude constant, as in the resonant case. Considering a white-noise spectral density of S ( f ), coherent averaging of the n transient signals yields a signal threshold of:
We recall that the sidebands are always located around the Larmor frequency, therefore this scheme removes the need to search for resonance. | B 0 | is arbitrarily adjusted such that the detection can be done in a region where the SQUID sensitivity is optimum, regardless of the ALP frequency: S ( f ) S opt . We can then rewrite Eq. (13) setting the SQUID noise spectral density to S opt :
The acquisition and coherent averaging are repeated until the desired total integration time T tot is reached. This yields N independent averaged sets s 1 , s 2 ...s N each of length T 2 and of signal threshold A min,n . Here N = T tot /τ ALP , is the number of independent sets. Each set is measured for a time τ ALP . We recall that after τ ALP , the ALP-wind phase changes by an unknown amount. As a result, the N sets have uncorrelated phases and averaging them would decrease the signal as well as the noise. However, some additional signal-processing techniques can be employed to improve the detection threshold, namely, incoherent averaging of the sets s i .
In practice, incoherent averaging corresponds to averaging the sets s 1 , s 2 ...s N in the frequency domain by averaging their power spectral densities: PSD = 1 N N i=1 PSD(s i ). Such processing does not reduce the noise mean value, but only the noise-power standard deviation [47] . After the incoherent averaging sequence, the signal threshold becomes (details are given in the appendix of Ref. [24] ):
The signal threshold scales as t
as long as the signal is phase coherent (t < τ ALP ), then scales as t −1/4 once the ALP coherence time is reached (t > τ ALP ). Recalling that τ ALP ∼ 10 6 /ω a the signal threshold in Eq. (15) becomes:
After the coherent and incoherent averaging sequences, the signal-to-noise ratio SNR sidebands is obtained by comparing the signal amplitude from Eq. (12) to A min,N :
SNR SB does not scale with T 2 . Indeed, the transient signals can be coherently averaged until τ ALP is reached, making T 2 irrelevant (ignoring the duty cycle). Two factors contribute to the gains in sensitivity in the low-frequency ALPs region; 1) Lower ALPs frequencies imply longer ALP-wind coherence time, increasing the time during which the signal can be coherently averaged 2) The amplitude of the transient signal is determined by the modulation index of the first Bessel function. As such, low frequency modulations produce higher sidebands amplitudes.
The relative sensitivity of the resonant and sideband schemes is determined by the ratio of equations (18) and (8) . This ratio is computed by assuming identical samples and equal longitudinal and transverse components of B ALP . We impose identical total integration time, T tot , for both the resonant and sidebands measurement scheme. T tot is calculated by assuming coherent averaging for a time τ = T 2 in each frequency bin during the resonant search. Ignoring duty cycle, the total integration time during the resonant search becomes
Where Ω is the frequency range of interest and δν ∼ 1/πT 2 is the linewidth of the resonance. The relative sensitivity of the resonant and sideband scheme becomes:
We now set the frequency range to Ω = 0-1 kHz and assume that the SQUID white-noise level above the knee frequency, f 0 = 2 Hz, is approximately constant √ S ( f > f 0 ) = S opt = 0.9 fT/ √ Hz. Below f 0 , the SQUID noise is set to √ S ( f < f 0 ) ∼ 10 fT/ √ Hz (extracted from Ref. [48] ). Values of T 2 higher than 100 seconds impose a total integration time longer than 1 year to probe the region Ω via the resonant scheme and are ignored. Eq. (19) is plotted against ω a and T 2 in Fig. 3 . As shown in Fig. 3 , the sidebands scheme is beneficial for ALP frequencies below 80 Hz and if long resonant integration time in each frequency bin cannot be achieved (either due to low T 2 or to some constraint on T tot ). We recall that the sidebands are located around the central peak at γ| B 0 | ± ω a . Thus if the ALP frequency is lower than the linewidth 1/πT 2 , the sidebands are inside the central peak and cannot be resolved. This case corresponds to the excluded, red region of Fig. 3 and represents the current lower bound of the CASPEr experiment. Considering a realistic T 2 of 100 seconds yields a lower limit in the mHz range. This sideband-detection scheme enables detection of ALPs with masses in the m a ∼ 10 
Conclusion
Axions and ALPs are well-motivated dark-matter candidates; in addition, the QCD axion provides a solution to the strong CP problem. The discovery of such particles would shed light on many fundamental questions in modern physics, offering a glimpse of physics beyond the Standard Model.
The oscillatory pseudo-magnetic couplings between axion/ALPs and matter open the possibility of direct dark-matter detection via NMR techniques. When nuclear spins couple to ALPs in the Milky Way dark-matter halo, the spins behave as if they were in an oscillating magnetic field. The axion-gluon coupling can induce an oscillating nucleon electric-dipole moment. CASPEr-Wind and CASPEr-Electric seek to measure the NMR signals induced by the ALP wind and the nucleon EDM, respectively.
The original CASPEr experiment is based on resonant search via CW-NMR. This method enables the search for axions and ALPs at frequencies ranging from a few Hz to a few eV), thus increasing the bandwidth of CASPEr by three decades. Sideband-based ALP searches introduced by the SILFIA experiment using hyperpolarized noble gases in the gas phase and SQUID detection [32] , are already in progress at the The National Metrology Institute of Germany (PTB).
Only a few experiments are tuned to the mass range accessible by CASPEr, even though the presence of ALPs at these frequencies is well-motivated. This makes CASPEr complementary to other searches, which typically look at lower or higher frequencies. CASPEr-Wind and CASPEr-Electric are currently under construction and are scheduled to start acquiring data in early 2018.
